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The essential progress in understanding of nature of conic cusps at a charged fluid surface is associated with Taylor's work ͓7͔, where it was demonstrated that the surface electrostatic pressure P E for an equipotential cone with angle 98.6°d epends on the distance from its axis as r Ϫ1 and, hence, can be counterbalanced by the surface pressure P S ϰr Ϫ1 . This result was extended by Ramos and Castellanos ͓11,12͔ to the case of dielectric liquids with arbitrary permittivity. They have shown that the pressures P S and P E cancellation is possible if the following condition is valid:
where 0 ϭϪ␤/2 (␤ is the cone angle͒, P 1/2 is the Legendre function of order 1/2, and P 1/2 Ј is its derivative with respect to the argument. It follows from the relation ͑1͒ that the stationary conic structures can exist only for Ͼ17.6. The corresponding cone angle ␤ falls in the range 0°Ͻ␤Ͻ98.6°. ͑2͒
As for the nonstationary problem, a model for the Taylor cone formation on the conducting fluid boundary was proposed in my recent paper ͓13͔. There it was shown that the surface evolution near the singularity could be adequately described by the self-similar solutions of the electrohydrodynamic equations. It might be supposed for pure dielectric liquids that, as for conducting liquids, the self-similar solutions are responsible for cusps formation.
Let us check the validity of this hypothesis. Consider the potential motion of an ideal dielectric fluid occupying the region bounded by free surface zϭ (x,y,t) . We will assume that the vector of an external electric field is directed along the z axis. The velocity potential ⌽ and the electric-field potentials and Ј in and above the liquid obey the Laplace equations
The evolution of the free surface is determined by the dynamic and kinematic boundary conditions
where ␣ is the surface-tension coefficient, is the mass density of a medium, and ‫ץ‬ n denotes the derivative along the normal to the fluid surface. Since the electric field potential and normal component of the displacement vector have to be continuous at the interface, we should add the following conditions at the boundary:
The system of equations is closed by the conditions of the velocity field decay and the electric-field uniformity at infinite distance from the surface
where E is the magnitude of the external electric-field strength.
We are interested in the dynamics of formation of a singular profile for the fluid surface. It is natural to assume that the electric field near the cusp appreciably exceeds the external field; i.e., ٌ͉͉ӷE/ and ٌ͉Ј͉ӷE. In this case, the interface evolution is fully determined by the induced field, which decreases with distance from the singularity. One can thus use the conditions
instead of the field uniformity conditions ͑9͒ and ͑10͒. This agrees with the assumption about the universal behavior of a fluid in the formation of a singular surface profile, because it allows the fluid motion near the singular point to be analyzed without regard for the particular geometry of the problem ͑the fluid ''forgets'' the boundary conditions at infinity at the final stages of the instability͒. The applicability of these conditions will be discussed below in more detail after establishing some regularities for the dynamics of a dielectric fluid near the singularity.
Note that the equations of motion with conditions ͑11͒ and ͑12͒ allow the self-similar substitution
which corresponds to the most important case of the axially symmetric protrusion on the surface ͑here, rϭͱx 2 ϩy 2 is the distance from the symmetry axis and t c is the blow-up time͒. Substituting these expressions in Eqs. ͑3͒-͑8͒, ͑11͒, and ͑12͒, one finds that the dimensionless functions ⌽ , , Ј, and obey the following set of partial differential equations:
⌽ r ϭ0, r ϭ0, r Ј ϭ0, r ϭ0, rϭ0.
͑21͒
For the self-similar solutions concerned, the surface profile forms first at the periphery and then extends to the center r ϭzϭ0 ͑the spatial scale decreases as 2/3 ). This implies that the formation of conic cusps at tϭt c is described by those solutions to the set of Eqs. ͑13͒-͑21͒ which provide conic asymptotic shape of the surface. In such a situation, the presence of asymptotic solutions for which ϰr at r→ϱ is the necessary condition for the validity of our assumption about the self-similar nature of conic points.
Analysis of Eqs. ͑13͒-͑21͒ in the limit Rϭ ͱ r 2 ϩz 2 →ϱ showed that they have an asymptotic solution of the form
where ϭarctan(r/z) and s is a constant satisfying inequality 0ϽsϽs 0 ͑the quantities R and are the radial and angular
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spherical polar coordinates͒. This solution describes a conic surface of the angle ␤ϭ2Ϫ2 0 whose dependence is given by the relation ͑1͒. It may be considered as a dynamic generalization for the static solutions obtained in Refs.
͓11,12͔.
According to Eq. ͑22͒, the fluid motion is spherically symmetric, and fluid moves to the sink point Rϭ0 along the tangent to the surface ͑25͒. Since the surface shape at →0 is determined by the asymptotic solutions of Eqs. ͑13͒-͑21͒, a conic cusp forms at time t c in accordance with the expression ͑25͒. The electric field at the cusp increases as
, the cusp growth velocity increases as Ϫ1/3 , and the cusp curvature increases as Ϫ2/3 . Returning to dimensional quantities, we get at the protrusion apex
One can see that all these quantities become infinite in a finite time.
This analysis is valid only if the solutions of the set of partial differential Eqs. ͑13͒-͑21͒ with the asymptotics ͑22͒-͑25͒ satisfy the condition ϽϪs 0 r, i.e., if the fluid surface zϭ (r) is positioned below the asymptotic cone ͑see Fig.  1͒ . Otherwise, the surface velocity would be directed in opposition to the z axis that certainly contradicts our notion of the fluid behavior at the blow-up stage. Let us check how this condition is fulfilled in the limit of large r. We will seek the solutions of the system ͑13͒-͑21͒ at R→ϱ as the asymptotic expansion with leading terms given by the expressions ͑22͒-͑25͒,
It turns out that, to the first order of the expansion, the surface is conic
The correction to Eq. ͑25͒ for the surface shape appears in the next order. One finds from kinematic boundary condition ͑17͒ that
It is clear that the surface shape deviates from the conic one in the direction specified by the sign of the c 2 coefficient. Indeed, the evolution of the fluid boundary away from the singularity is determined by the leading terms of the expansion in small (t c Ϫt) value,
from whence it follows that, when forming a conic cusp, the fluid moves upwards only at c 2 Ͻ0. As is seen from the expression for the coefficient c 2 , its value is negative only if 1/4Ͻs 0 2 Ͻ3/2 or, what is the same, if ͱ2/3ϽϪtan 0 Ͻ2.
This condition restricts the applicability of our approach to the description of the process of the conic cusps formation, which is based on the analysis of self-similar solutions. It suggests that the cone angle ␤ϭ2Ϫ2 0 should be in the range 78.5°Ͻ␤Ͻ126.9°. Comparing the allowable values of ␤ with the inequality ͑2͒, one can see that the following condition must hold:
78.5°Ͻ␤Ͻ98.6°.
Taking into account the relation ͑1͒, we find that the corresponding value of the fluid dielectric constant must be more than c Ϸ22.2 ͑note that Ϸ26 for ethyl alcohol and Ϸ81 for water͒. For Ͻ c it holds c 2 Ͼ0 and our solutions are physically meaningless. Let us now define the velocity of the fluid boundary at the protrusion apex. According to the proposed model, we have 
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It is possible to estimate the involved in this expression distance ͉ (0)͉ from the cone apex to the fluid surface ͑our asymptotic expansion diverges for small r). Multiplying kinematic boundary condition ͑17͒ by r/3 and integrating it over r, one obtains after simple mathematics
where S stands for the fluid surface zϭ (x,y,t) , and V is the volume of a region bounded from above by the conic surface zϭϪs 0 r and from below by the surface zϭ (r). The integral on the right-hand side of this expression is the fluid velocity flux through the surface S. Since the function ⌽ is harmonic, the flux of the vector-field ٌ⌽ through any closed surface is zero. This fact allows the flux through the surface S to be determined using the asymptotic form of velocity potential at r 2 ϩz 2 →ϱ. Taking into account that the fluid flows into a solid angle 2(1ϩcos 0 ) at infinity, one can get from Eq. ͑22͒
Notice that the volume of a region bounded by the conic surface zϭϪs 0 r and the plane zϭϪh ͑a circular right cone of height h) equals V at
Clearly, if the volume V is fixed and the condition Ϫs 0 Ͻ r (r)р0 is fulfilled for any r ͑for the conditions ͑21͒ to be valid, the surface near the cone apex must be ''rounded off,'' the quantity ͉ (0)͉ cannot exceed the cone height ͑see Fig. 1͒ . That is, the inequality
connecting the characteristic spatial dimension at small R with the asymptotic parameter s is satisfied. Since the maximum possible value of h for the fixed permittivity and, hence, for the fixed angle 0 corresponds to the maximum allowed value s 0 of the s constant, the following estimate is also valid:
, which does not involve the free parameter s. Let us return to the question of the applicability of the conditions ͑11͒ and ͑12͒. As was pointed out above, they can be used instead of Eqs. ͑9͒ and ͑10͒ only if the external electric field is much weaker than the cusp field. After the transition to the self-similar variables, this requirement is recast as
It is clear that for small ͑i.e., immediately before the collapse͒ this condition is fulfilled near the singularity in a natural way. In this case, R 0 and T values exist for which models ͑13͒-͑21͒ with 0рr 2 ϩz 2 ϽR 0 2 and t c ϪTϽtрt c adequately describes the strongly nonlinear stages of electrohydrodynamic instability development for the surface of a dielectric fluid in an external electric field. One can find that the following inequalities must hold:
where and T 0 are respectively the characteristic spatial and temporal scales at the linear stage of the instability. Note also that, together with the asymptotic solution for the velocity potential ͑22͒, the system of the Eqs. ͑13͒-͑21͒ admits the more general solution, ⌽ ϭs 1 R Ϫ1 ϩs 2 R 1/2 P 1/2 ͑ Ϫcos ͒, which demands a separate consideration. This expression coincides with Eq. ͑22͒ for s 2 ϭ0. In any case ͑i.e., for arbitrary s 1 and s 2 ), the self-similar solutions describe the formation of conic cusps with -dependent angles at the free surface of dielectric liquids in an applied electric field. The author is grateful to V.G. Suvorov for fruitful discussions, and also to K.E. Bobrov for his assistance in preparing the paper. This work was supported by Ministry of Industry, Science, and Technology of RF, by the Russian Foundation for Basic Research ͑Project No. 00-02-17428͒, by the Russian Academy of Sciences ͑Project No. 6-63͒, and by the Ural Branch of the RAS ͑grants for young scientists, 2002͒.
